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Abstract: Problems of optimal design of various elements of technical structures stimulate mathematical statements of new problems of
continuum mechanics and hydrodynamics in particular. This study refers to problems of shape optimization of profiles in a flow of fluid or
gas. The paper deals with properties of solutions and their functional of inhomogeneous boundary value problem for nonlinear composite
type partial differential equation system, simulating the a mixture of viscous compressible fluids (gases) flowing around an obstacle.
Methods of the theory of partial differential equations, functional analysis and, in particular, the results on the solvability of boundary value
problems for transport and Stokes equations established the well-posedness of a linear boundary value problem with singular coefficients
(the problem of the original problem solution difference). This result allowed to obtain the uniqueness theorem to determine the nature of
solutions dependence on the shape of the flow range and to prove domain differentiability of the solutions considered. Domain
differentiability of the solution functional reflecting the force of the obstacle resistance to the incident flow is proved. A formula to equate
this derivative as a sum of two summands, one of which clearly depends on mapping setting the domain shape, and the other can be
expressed in terms of the so-called adjoint state, depending only on the solution of the original problem in a non-deformed domain. The
functional derivative formulas may be used as the basis for building a numerical algorithm for finding the optimal shape of the body in a
flow of mixture of viscous compressible fluids.
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INTRODUCTION

Search for the optimal shape (with the lowest
drag) of the obstacle in a flow of a mixture of viscous
compressible fluids (gases) is eventually associated
with the problem of derivation of the shape functional,
expressing the force of the obstacle resistance to the
incident flow. This problem, in turn, requires a study
of well-posedness of inhomogeneous boundary value
problem for the corresponding equations and study of
dependence of this boundary value problem solutions on
the flow region shape.

Most of the known results for Navier-Stokes
equations for viscous compressible fluids and moreover
for equations of mixtures of such media concerns flows in
are as bounded by impenetrable walls, while the results of
study of inhomogeneous boundary value problems remain
fairly modest. Among the papers dealing with the last
issue, we’d like to mention [1], which proves existence
theorem for non-stationary Navier-Stokes equations for
viscous compressible fluid with constant boundary value
conditions, and [2], which establishes existence of a
weak solution of barotropic viscous gas flow equations in

convex domains with the outlet, independent on the time
variable. Local strong solutions (close to a uniform flow)
of stationary problems with inhomogeneous boundary
value conditions were studied in [3—5] for two-dimensional
domains on the hypothesis that the velocity field at the
boundary of the flow region is close to a prescribed
constant. Important results relating to the existence of
strong solutions of inhomogeneous boundary value
problems for stationary Navier-Stokes equations in case
of small Reynolds and Mach numbers were obtained in
[6-8]. Results on the well-posedness of an inhomogeneous
boundary value problem for the equations of mixtures of
viscous compressible fluids were obtained in [9].

The shape optimization theory is a section of
variational calculus, where the functional arguments
are shapes of geometrical and physical objects. A
classic example of the shape optimization problem is
the isoparametric Newton’s problem of the body of
least resistance. Description of the general theory and
bibliography on this subject are available in [ 10-15]. The
first global result concerning dependence on the solution
region of compressible Navier-Stokes equations was
obtained by Feireisl [16], and was further developed
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in a series of papers of Plotnikov, Ruban, Sokolowski
[7,8,17-20]. These studies also provide an algorithm
for calculation of the drag functional derivatives
determined in the collection of domains.

The problem statement is as follows. Range
of flow of viscous compressible fluid mixture is a

domain Q=B\S of Euclidean space R? of points
x = (x;,x,,x3) , external with respect to an obstacle S
(which is assumed to be a compact set) and bounded

by a closed surface X. Let us assume that x> T (%)

j1

denotes the vector field of class C*(R?), equal to zero
in the neighborhood of the boundary X . Let us define a
mapping x> y =T, (x) = x+&Tl'(x) which defines the
perturbation of the obstacle S . For small &, mapping
x> T,(x) is a diffeomorphism of the flow region
Q onto Q, =B\S,, where S, =T,(S) is perturbed
obstacle in a flow.

Stationary motion of the mixture of viscous
compressible fluids in the region ), is described by the
following equations [21]:

2
iy s R -
> L)+ Rep;, i V)il + E%Vpis (Pe)+IJ D =0inQ, i=12, 1)

div(p, ) =0inQ,,i=1.2, )

where ﬁgl), ﬁgz) represent the velocity fields of the
mixture components; 0., ., are the component
density functions, and corresponding pressures
Die = Pie(Piz), i =12, are assumed to be sufficiently
smoothfunctionsoftheirdensities; Re and Ma denotethe

Reynoldsand Machnumbers, respectively; Ly,i,j=1.2,

refers to the second-order differential operators
Lyi) = =MD = (uy; + 2)Vdivii D i, j = 1,2,
where constant (dimensionless) viscosity coefficients
Hij s /lij satisfy the conditions

Bin > 0, 4pyy - gy —(yp +Hpp)? > 0,4, + 20y, >0,
4001 +2111) Ay +2050) = Mg + 205 + Ay +215,)° >0,

Summands J© = (=)1Pa(i 9 —u S)), a = const >0,i=1,2, describe intensity of the momentum exchange between the
mixture components [22,23]. Equations (1) and (2) represent the laws of conservation of momentum and mass of the

mixture components, respectively.

Fig. 1. Diagrams of the flow of the jth component of the mixture around the obstacle: (a) three-dimensional flow;
(b) plane section.

For statement of boundary value conditions let us use the vector fields v ,j=12, of class C 3 (RS) , vanishing in

a neighborhood of the set S . Let us use vector functions UY on the boundary ¥ of the domain B to allocate “inflow”

areas: 3 = {er:(j(j) -n<0},j=1,2, and “outflow” areas: 2£m = {er:ﬁ(j) -n >0}, j=1,2 (see Fig. 1). Let us

assume that the following conditions are satisfied.

Condition 1. Sets T/ = ¢I%) N(Z\Z/), j=1,2, (“characteristic” surface areas) are closed one-dimensional varifolds,
suchthat X = Z{;‘ uTY U/ | and,among other things: Ilj(j) -nsd=0, j=1,2; vy -V(U(j) A)>C>00n T/, j=12,
b

out *
where C > 0 is a constant.

Adjoin the following boundary value conditions to equations (1), (2)

i = UPDonx, ud¥=00naS,,

where pgg, j =1,2, are prescribed positive constants.
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The force of drag to incident ﬂow from the obstacle S, is expressed by the formula

Jp(S,)=-U" Z I{Z[p, (Vu0)+(Vu(J)) )+k dlvu(')l} e pl(pE)IJ-ﬁds, “

i=1gsg

where U is the constant vector that simulates the flow
rate at “infinity”. The problem of minimization this
functional is solution to the problem of selection the
optimal shape of the obstacle.

The problem (1)-(3) can be conveniently reduced to

a boundary value problem in the unperturbed domain
Q for one-parameter family of differential equations
with perturbed coefficients. For this purpose, let us
introduce the functions #® and pi>i =12 defined in
Q in accordance with the following formulas:

D (x) = Nx)i? (x + T (x)), p;(x) = p,, (x+T(x)), x € Q,i =1,2,

where N(x) = (detM (x) M ™' (x), M(x) =1 +&DT(x), DT(x) = {a_
X

or; (x)} is the Jacobi matrix of the mapping x > T(x).

J

As aresult of this transformation, the problem (1)-(3) is transformed into the problem

2“ A —vg, —Zu AP NY+ReB(p,;, i, dD; Ny + (1)) S@? —iV;Nyin Q,

divii® —ch,]p] Zgy,-jqj in Q,

Jj=1 Jj=1

Jj=1 (%)

2
7® -Vp, "‘Pizgcijpj = PiZgYijqj in Q,

j=1
7D =D on z,ﬁ(") =00nas,p; = Pz onz;

j=1
1,2.

ln’l

Where g = g(x; N) = 4/dteN(x) ; linear operators A S andnon-linear mapping B are defined according to the formulas
A(ii;N) = Aii - (N ) dlv(g NN’ V(N—@)
B(p,u,w;N) = p(NT) (u Vﬁ\l'lw)) Su;N)=¢g- a(N) N7

- R . -
HEI E g (,ul i+ A )dzvu(f ) 4+ _e2 pi(p;), 1 =1,2, are effective viscous pressures; y;; are elements of the matrix > '
Ma

inverse of the matrix > which elements are z; +4;;,i, j =

1,2; o

_ Re ==
ij 270"
Ma ®

The solution to (5) is built in the form of disturbance of specially selected sufﬁmently smooth flow il pi i:9i" je.

i® =i? +30, p, =P +0 0 =4 + 7 +A'pi(P:)+Z(ﬂij +A)m;,

Re

where p; =p? =const, A=

=

5, m; are constants serving for control the mass of the mixture components in a

domain Q. As a result, a problem for perturbations [9] becomes the main object of study:

2 2
D av? —Vm, = 1, AN+ ReB(p,, i i3 N) + (1) S@? - V3N in ©,

j=1 j=1

2
. (i 1 - .
divv® =g E — 1,0, —g®,[0]-gm; inQ,

J=1

(6)

D Vo, +1,0;, = W[01+gmp, inQ,

7@ =00n0Q, ¢,=00n%!

n>

1
n; =T, (Hq=q_|_5_| de)alzl,z,
Q

rh=(m1,m2)T m= (kI - 4)" f, A—{a,,}?, L= h),

k= J:gdx a; =

Pi Q

% ooyt . f—— j(Zc,“) (0] g®,[0 )b

Pi g j=1

—dzv(u(’) C](-’))+1:ﬁ @ = T,8in Q C(’) =00nzl) i, j=1,.

Here, the constant parameters 7, are related

in a known manner with the viscosity coefficients
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boundary values

the

Hijs i and prescribed
;050 ; ‘Di[é], ‘Pz[é] are

functions of the vector 6 =FD, 3P,z 7,,0,0,)

known

components, expressions of which are given in [9],
where the existence theorem is proved as well.
Theorem 1. Let the surface X and vector

fields U (1),6 ) satisfy the condition 1. Then there
are such numbers o >1 and T*e(O,l) that if
the matrix N is selected based on the condition

||I—N|1\72(Q) STZ’T G(Oar*],pj(pj) € CS(O,OO),j = 1’23

and the problem parameters are such that %Srz,

*
;20 ,i=1,2,

i =

Re<7? a<r® |mlEnlry <y,
TE (O,z'*], then the problem (6) has a solution

o =) =2 ) .
9 = (V( )3v( );”1:”25¢17¢2)7 mi’ gi(J)al,J =1,2,

such that 6 eV x X" ,m, eR, ¢ e X5, where

parameters s € (0,1), r e (1,0) satisfy the conditions

s-r>3, 2s—E <1. Thus vector belongs to a ball B,
r

of radius T centered at the zero point of the space
Vs,r < X5

Here, V", X" refer to spaces
Xs,r — WS,r(Q) A W1,2 (Q) Vs,r _— Ws+l r(Q) A W2,2 (Q)

where W"?(Q) (I is a non-negative integer, 1< p < )
is a standard space by S.L. Sobolev [24], consisting
of measurable in Q functions having generalized
derivatives in QO of up to / order inclusively, summed
with an index of power p.Forreal s € (0,1), € (1,0)
a functional space W*"(Q) is obtained by the real
interpolation method [25] between L () and W' " (Q),
and consists of measurable functions with a finite norm.

_ _ S Ju@-um)
||u|IWs,r(Q) ||u||Lr(Q)+|u|s,r,Q’|u|s,r,Q_QJ‘Q|x_y| mdxdy-

Ingeneral, thespace W' (Q),0< s <1,1<r <0,/ >0
is an integer and is defined as the space of measurable
functions with a finite norm.

Ilhyss () =y 2y +suf0"

Ws,r(Q) .

Wy (Q), 0<s<1 refers to a closed subspace
W*"(R?) consisting of all functions ueW*"(R3)
vanishing outside the domain Q. For the purpose
of 0<s<]1<r<oo, let Wy (Q) denote the
interpolation space [,"" () WOI”(Q)]” with the norm
determined by the real interpolation.

Let us assume that 0<s<1,1<r <o, l+i,=1.Let

ror
W™ () denote completion of L (Q) in the norm

||vHW_ = sup J‘u -vdx|.
5,7 (Q) -
( ) uewg’r (Q) Q
, =1
e

As is known from [7], space W' (Q) for 0<s<1,
1<r <o is topologically and algebraically isomorphic
to Banach space (Wg (Q)) , dual to Wy " (Q), and
can be identified with it.

Forany 0<s<1, 1<r <o, Banach space W " (Q2)

is completion of L' (Q) in the norm.

”vllw—s,r(Q) = ||£v||(Ws,r'(Q))'5
where L, (u)=<v,u >=Iv(x)-u(x)dx is a continuous

functional in the spa%e WS (Q), continuously
embedded in L (). As is known [7] that if Q is a
bounded domain in R*®with a boundary of class C',
then W™ (Q)
isomorphic to the dual space (W*" (Q))’, and can be
identified with it. In addition, let us introduce functional

is algebraically and topologically

spaces

us,r _ Ws—l r (Q) x Ws,r (Q) X R’ Vs’r = Wer’1 r(Q) X Ws’r (Q) X Rs
75 =W T Q) N2 (Q)
£ = Z5 x X xR, F* =V x X* xR,

Membership of the vector magnitude F of the direct
product of spaces W) xW, xW, is to be understood in
the sense that F' is made up of three components (scalar

or vector), separated by semicolon F =(F;Fy Fy)
and at the same time F, eW,,F, eW,,F;eW;. If
W, =W,=W;=W, write FeW and separate the
vector components by comma.

DOMAIN DEPENDENCE OF SOLUTIONS

The most important stage of the shape optimization
study is to prove the uniqueness of solution of the

- e
Qi=(Vi(),vi();”1t:”§,¢’1t,¢’§,
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(1)

i »

problem (6) and differentiability of its solution
with reference to the parameter ¢&. For this purpose
it is necessary to study dependence of these solutions
on the matrix N completely determined by the flow
range deformation.

At this stage, the matrix N structure is irrelevant
and therefore the results obtained below are valid
for an arbitrary smooth matrix-valued function
N(x),xeQ.

1. The problem for differences. For difference
9o —41>

£.c9,

. i iy -
2i ’m19m2)5l_0515



of solutions to the problem (6) obtained according to Theorem 1 and corresponding to different matrices N, and N, let

us introduce the following notations
W) = {,’éj) _ ;,l(j) 0

_ 1 _ 0
» Of ;= Tj, Wi =@ —

From (6), it follows that the vector function
qO _ql = (ﬂ}(l),

is the solution to the following linear problem

j=my—my, &0 =0 —¢ k=12 @

(1) O] (2) 2.

9501 D), ¥1,¥2,61 27561 25 My51,)

2 p AW —Va, = 2 w Ag(W) + ReL(y;, WD)+ D; + (1 (E+Sy(? —w D) (8)
j=1
divi® = Za,-jl// it Zﬂya)] +y;m; + 0, 9
=1 =
. . 2 2 ~ ~
’Z(gl) Vv +p, = - 'V("il +Z&ij'//j +Zﬁij“’j +7m; +04d, (10)
— =
—div(@EP) + 1, P = divi@ ¢ D)+ 7 yd in Q, (11)
W=00nQu, =003 ,0,=Mw,t"=00n%,, (12)
2 - 2 -
= Z%%J‘ Sed + ) (G s + By + 7€) i j =1,2. (13)
k=1 0 j=1

These equations use the following notations

ﬁ(w,.,fv“’)=Bo(w,,ﬁ3’>,a§>)+6 (pi, *3'))+B (pi iy, *‘”)
E=8 (-'(2)_u(1)) S(u(z)—u(l))

2
D, = > 1y (Ao G) - 4, GO+ RelBo (0,52,50) - By (o) i),
j=1

d=gy—g1,8r =+detN,.

Symbols Z;Ok refer to elements of the matrix
(K(No)I ~ A(No,6p) @y B> 7> 65,
a,j,ﬂ, 7::6;, &y, 11,7,1,5,i,j=1,2, in the right-
hand members of equations (9), (10) and (13) depend

Coefficients

on solutions ¢, and ¢, and are considered as known
functions. Expressions for these coefficients are very
bulky, whereby they are not stated here. Let us point out
only their estimates that will be required in the future.
Under the conditions of Theorem 1, the inequalities

{”aij”Xs,r ’i * J’”ﬂ] ”Xs,r ’||5i||Xs,r 9||dij||Xs r ’Hﬂz]”Xs d =”5i||Xs,r }S cT,

&mnﬂ,,nﬁ;||Xs,,,||7,-,-||xs,,
N

are valid. Parameter 7 indicates the radius of a ball in

the space V" x X*", to which solutions 6, and 6,
belong. ¢ denotes a constant depending only on the

domain Q , vector fields U (1),l7 @ and parameters 7, s,

711, T22. Subsequently dependence of a particular

constant on Q,UD U (2),1'1 ,To  Will be referred to as
the dependence on the problem data.

2. Conjugate problem. The feature of the problem
(8)-(13) for the difference ¢, —gq; is that the known
results [7] on transport equations are not applicable

to equations (10), because the summand Ww® -V}

2

Jj=1

E.lij(Av_ﬁEj) -V, - Ao(fvﬁf')))— ReH,; () + ()1 S (#2 - V) +y] -Vl + Zgw VDT =

18] < €7,

<c,i, 1,2,
/= (14)

does not satisfy the required smoothness conditions

(is neither smooth nor bounded). However, the existence
theorem implies that summands w® 'VCD,-l belong to
space W (Q) | dual to Wé_s’r' (©2) , and therefore it
is possible to treat the difference gy —¢; as a very weak
solution to the problem (8)-(13). In this regard, let us
formulate the conjugate problem as follows.

For given vector fields H® , scalar fields
G;,F;,M,;,M,; and constants s;,i =1,2 , itis necessary
to find the vector fields W, scalar fields @, ,y;,&Y"
and constants nf , I,j =1,2, such that

HYinQ, (15)
Jj=1

45



k=1

leW(l) = HZ[BkIWk + Z(nkx,gﬁﬁ =+ l’lIgBﬂO)k)] +HG in Q

j=1

—div(\u, ’))+t,,\|1, ReM; (wﬁ))+ZI

(i )% NV~ * 0 .
ué’)VEU(-’) +‘|:,-,-E_,j(-’) =%y anin +M;inQ,

o\ Jj=1

2
* * P
i = Yizuﬁ(’)j"‘%"l/i dx +s;,

(16)
Ay + Z(nleq i T Wy ajim;)] +F; inQ, (17)
j=1
2
(18)
k=1

(19)

=00nz! Mo, =o;,i,j=1,2. (20)

= OonBQ,\u; =0on,, E,.;O =

Linear operators H; and M, are defined by the following formulas

H,;(h) = piV(No'u{ NG h — (N div(pli” ® (Ng'h)),

M; (k)= @’ VNG -Nglh,i=1.2.

The further content of this section is devoted to
proving existence and uniqueness of strong and weak
solutions of the conjugate problem (15)-(20). These
results enable us to derive estimates of norms for the
differences W®, @; , w, ,V,n, .

Theorem 2. Let the conditions of the existence
theorem are satisfied and parameters s,r are such that

1

P <s<l, (1 —s)r>3. Then there are numbers c,o,

and 1, depending on the objective and parameters
s,r such that if min{r) ,7, }>0, and 0<r<r,,

then for every vector function f=(f0, f@y,
f(i) = (ﬁ(i);Gi,F},Mli,le-;s,-) elU™, the problem
(15)-(20) has a wunique solution h= (];(1)’5(2)),

B = @50 ,p] &0, EDn]) eV satisping the
inequality

1 < €llFl, o @1

If we apply a more restrictive condition to the

feS

right-hand member 7 , namely , the solution

h belongs to the class F*" and at the same time the

following inequality is valid.

12, <ell Al s,r- (22)

Teorem 2 proof scheme
Equations (15)-(19) of the conjugate problem can be
represented in a symbolic form

Alhe) = Bli] = F, e = (RO 1P) RO = GO0 07,607,877 5m)

where the integral-differential operators 4 and B are determined by the formulas
Alha] = (A4, 4, (A1),

dsz(’)

A[h]=

Blh]= (B[], By[ 1),
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FOVED" 1

n; — I(Yizuﬁ(’); +YAi‘|f:de
o\ J1

Z“JI(AW(’) Vco;)+ ig Q@
Jj=1

2
- uOI)V\Vl +7 zz\Vz Zz%a ji(’)k

@)*

ii=1
(l)

k=1 j=1

(23)



P

j=1

k=1

B[h]={ReM, Y 1y divi) + Zlgxklwk + nkxkjonﬂ] L

2
~ * 0
Yir ) P X
k=1
2

~ * 0

Yi2 2 P Xki
k=1

0

S Aa )+ ReH,G0) (1) S~ ) v 7o)

2 2

a = * 05 *

Hz Baw i + z (X kB ji + P B i)
=

Let us consider the following boundary value problem by connecting to the system of equations
Alh]=F 24)

the boundary conditions
W =00n 0Q, y; =00nX!

out?

It is easy to see that for each right-hand member
F= (1‘;:(1),1;}(2)) FO = (H(') G, Fi,My;,My;5s;) of
the space U*" , the boundary value problem (24), (25) is
divided into several independent linear boundary value
problems, namely, functions fj(-i)*,i, j=1,2, are defined
independently as solutions to the following problem for
transport equation

it'éi)Vﬁji)* +1 ii&;i)* =M, inQ, é;")' =0ony

m’

=1,2.

=0, =00nz!

L, Mo, =o,,i=1,2. 25)
After this, the components Wl ),a)~*,i =1,2, are found

as solutions to the Stokes-type problems, ie.
z“ﬂ (AW () V(D;-) =HY _ ZC-’ @ VE_’J(}‘)" inQ
divi{’ =TIG, in Q,
W =00n0Q, Mo, =w;,i=1,2.

The next step is definition of components y; as the
solution to the boundary value problem

—dOVy ] Ty = Zzuya 0, +FinQy; =00n%),,i=12.

k=1 j=1
The procedure for building solution to the problem (24),
(25) ends with finding the constants n: according to the
formulas

2
n; = Iinuﬁw; +Y; [de+s;,i=12.
o\ Jj-l
On the basis of known results on transport equations and
linear Stokes-type problem [7,26,9] we can assert the
existence of the constants ¢ and o, depending on the

problem data Q, UM, 0@ and parameters #,s, such
that if min{r, ,7, } > 0,, then the problem (24), (25)
is uniquely solvable in spaces V*" and F*" and the
following inequality is valid
Wl s, <CIEl s s 1l o SCllFls,  (26)

The foregoing can be interpreted in the form of existence
of (inverse) bounded linear operator 47! : 5" — V5"
(47':&5%" 5 F5") which assigns a unique solution
by = AYF ] to the boundary value problem (24), (25)
to the element F e U (F € ES7).

Let us now turn to the integral-differential operator
B given by the formulas (23), and note the following
properties.

Lemma 1. Let us assume that conditions of Theorem

1 and %<s<1, (1-s)r >3 are satisfied. Then B is

a bounded linear operator from V*" to U*" and from
F*" to £, and the following inequalities are valid

”B};Husr Sc'zﬂﬁllvs,r’ (27)

1B, <c-dAll,,- 28)
Here, the constant ¢ depends only on ), vector fields

U (1),0 @ and parameters v,s .

Now we can complete the proof of existence and
uniqueness of the conjugate problem solution.

Let us assume that conditions of Theorem 2 are
satisfied. The conjugate problem (15)-(20) can be
written as the operator equation

(I-A"'Bh=4"'F
Due to (26), (27) linear operators 4~' : U™ — V*" and
A7'B: V" 5 V" are bounded, moreover
y <cy -
”A B”L(Vs,r) sS¢y-7,
where the constant c¢;, depends only on the problem
data and parameters ,s . On the basis of the conditions
in Theorem 1, parameter z satisfies the conditions
0<z<7 (7; ,75 ).Letus choose the constant 7, such
that the inequalities are valid
0<rz, r*(rl ,Tog ) Toocp Sg<l

From (29) it follows that the norm |4~'B ||

29

LvsT) for

7 €(0;7,] is separated from the unity, and on the basis
of the well-known theorem, the operator (/ —A4~ 1g)~!
exists and is bounded B

1 py-1

47



So for these values 7 and any f e U the conjugate
problem (15)-(20) has a unique solution heV* and
the inequality (21) is valid.

Suppose now that the right-hand member f’ of
the problem (15)-(20) belongs to space £°". As the
operator A" of the solution to problem (24), (25) is a
bounded linear operator from £ to F*", then due to
estimates (26), (28), we have

147 Bl S5 o7

If the parameter 7 is subordinate to the condition
7€ (0;7,], where

ES
0<i, <% (B11,T0 ) To-cr g <],

then, similar to the previous case we obtain that under
condition f € £ solution % to the problem (15)-(20)
belongs to the class F*" and the estimate (22) is valid.
Theorem 2 is proved.

3. Estimates of differences. For s € (0,1), » € (1,)
let (.,.), and (-,-), denote the duality relationship
between pairs of spaces W@, Wé’s”'(Q) and

WS (Q), W*"(Q), respectively.

Lemma 2. Let us assume that conditions of Theorem
2 are satisfied. Then vector fields w9, j=1,2, scalar
fields w;, v ;, é’(.i),i,j =1,2, and constants n;,j=1,2,
defined according to the formulas (7) belong to spaces

WS(Q), W(Q), R and satisfy the identity

2
ZRH(I)»W(I)% +(0,, G + W1, Yo +(ED, Mo + (€S, My + nisi]=

i=1

2
-y j (D, + (1Y) +d| Sy
i=l1Q

where fO =H®D;G,,F,,M;,M,;s;), 1=12, are
arbitrary functions of WS} (Q)xW*" (Q)xR, and
(w(’),a), ,l//, R 1(’)* éi)*;n:),i =1,2, is the relevant
solution to the conjugate problem (15)-(20).

Proof. Since the set L (Q)xW" (Q)xR
is contained in & and is dense in
UST =W (@Q)x W (Q)xR , then for any element
f=(f(l),f(2)), f(i)Z(ﬁ(i);GiaF}lei,Mzﬁsi)
of space U™", there is a sequence f,, =( f,,(l), f,,(z)),
fn(i) = (ﬁﬁi);Gh o s My s My, 584 ),

79 e I (@Q)x W (Q)xR such that

fo> Fi U n> o, 31)
Therefore let us begin with prove of the identity

(30) for a vector function f” from a space
LI'Qxw!'"(@)xR. In this case, the relevant

solution (W, w; Wi L& o é')*n)z 1,2, to the
conjugate problem (15)- (20) belongs to the class

2
* AL * 0’\J *
it E (széj('l) +1; ;0 + 10 ;0;)

(30

Vo' x X5 xR =F"" (in particular, this means that

vector fields w{" have continuous first-order derivatives
and square summable second-order derivatives, and
scalar functions a),* Wi ,5(’) , 2(1')* are continuous and
have square summable first-order derivatives). Due to

Theorem 1, we can assert that W, (i),ﬁ,gi) eV,
leaf(l):pi 5”1‘ ’¢i sg](;c) € XS,",I’] =1329k =0’1-
The continuity of embeddings V*" in C'(Q)
provides continuous differentiability in Q vector
fields W (') (') and, of course, their membership
of W“(Q). Continuity of embedding X*" in C(Q)
implies continuity of scalar functions @;,V;,¢ @ ,
pik , 71',"‘ , (o,-k, ¢ 1(}3 , belonging to the same spaces
w12 (Q). This implies that equations (8)-(11), (13) are
satisfied in the strong sense. Multiplying these equations
by the solution w®, ,* ,!//; ,él(i)*, §’)* n;,i=12, to
the conjugate problem (15)-(20), correspondmg to the
element f e L' (Q)xW' (Q)xR, and integrating by

parts, we obtain the identity

2
le(w(f)ﬁ(f) 0,6+ Fy + 5O My, +E DM s, | =
=1l Q

2
=ZJ' 7D, +(-1) £)+d[
=10

Let us note that vector functions (H®; RVIR 1(’), 2’))
and (W”;G;,F,,M;,M,) belong to dual spaces
WS (@Q)xW™(Q) and W, ™ QW (Q),
respectively. Indeed, HO e w7 (Q)
because H® eL’(Q), and there is a limited
embedding I7(Q) in W (Q). Scalar fields
O;, Y5, 1('), 5') WS (Q), and

embeddings W (Q) < L' (Q) =« W™ (Q)

are  elements
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+Z(rj,§") +my 98 + 1S o

(32)
)

(r>3,1<p'= Ll <r) imply that these functions
=

belong to W"(Q).

Further, the vector field w® eV*" and hence
w® e C'(Q). In addition Ww® vanishes in 6Q. Thus,
it is clear that w® e Wy "(Q) . Since Wy s7(Q) s
" (@), and
W (Q) c I'(Q), then W (Q)c WE"(Q). So,

the interpolation space [L’ Q) W,



e WI™" (Q) . On the other hand elements
G;,F;,M,;,M,; belong to W*>"(Q). In view of the

above, integrals in the left-hand member of the equality
(32) can be written in terms of duality forms and thus, the

we have Wt

identity (30) of Lemma 2 is proved for vector functions
(HY;G,,F,,M\;,M;s;) from a narrower functional

space L' (Q)xW'"(Q)xR, i.e, we may write

2
Z{(Hr(,'):f"(l)h +(0;,Gyp)o + Wi Findo +<§1(l)aM1in>0 +(§§l):M2m>o +nisin}=

i=1

=ZZ:J. ‘(l)(D +( 1) g)"'d[ thn+Z(Tﬂ ](L’)
i=1Q Ul

where E,Ei) = (wf,i),a)n Wi 1(,',)*, é’n)*,n ),i=12, is
the solution to the problem (15)-(20), corresponding to
the “right-hand member” f, £® i=1,2. From (31), due to
Theorem 2, we have that
h, =V, hP) 5> h=0D 5P i V' n— . (34)
Passing to the limit as » — o in (33), due to (31),

2
Z(nfv%_s,,’ il s+ s+ +IEDN o |j <
i=1

< el + Pl oy 1D ey 1€l )

where the constant ¢ depends on the problem data and
parameters r,s .

Proof. Turning to the equality (30), we note

that since the coefficients 5',-,5:,.,6,. are bounded
2

i=1

> 59y +19 ey +1 ey 16T +IE o+ 155 1Ml + 1Py + P2l

(33)
meSJ + uysjwm dx’

(34) we obtain the identity(30) stated in Lemma 2.
Lemma 2 is proved.

Identity (30) proved in Lemma 2 means that the
difference gy —¢; is a very weak solution to the linear
problem (8)-(13).

Lemma 3. Let the conditions of Lemma 2 are
satisfied. Then the following inequality is valid

(33)

in modulus by a constant depending only on the
problem data and r,s (see (14)), then the right-
hand member of this identitycan be estimated by

a value

€l ¢ B6)

In addition, due to embedding theorem and estimate (21) we have

2

i=1
From (36) and (37) we obtain

2
Z{<H<'> BOY, 4@, G + Wi Fdo +(ED Mgy + (&0 Moo + s |<

i=1
The inequality (38) obviously implies the estimate (35).
Lemma 3 is proved.

The inequality (35) implies, firstly, the uniqueness of
solution to the problem (6). In addition, (35) implies that
the mapping associating the matrix-valued function N
with solution g to the inhomogeneous boundary value
problem (6) is a Lipschitz solution in a weak norm.

MATERIAL DERIVATIVES

So-called material derivatives of solution
to the problem (6) is an important tool to

§'(0)=(m, e

Material derivative

1 1 2 2
,C()] @),¥1,¥2, 1() 2()7 1() @, nl,n2) of

Z(“w*l)”C(Q) + ||'//z “C(Q) + ||a)z HC(Q) + ||¢'(l)*||<:(n) + ||§§i)*“cm)+ | ”: |)5 cll Hvs S C||f||us r

37

2

3\l ) I ) + €l 17 39

i=1

prove the drag functional differentiability.
This section is devoted to their study. Solution

1 D L) Q) +@2
() )751,71'2,(01 P 1() 2(), 1() é),mpmz)

q=0
to the problem (6) is a function of spatial variable
x = (X;,%y,%;) € Q and parameter & . Let us assume that
Zj(e) = «x - q(x,€)>> and consider ¢ (and, of course,
components ¢ ) as a function of & with values in the
space of functions of x.

, solution

4(e)=(e) (e} 7, (e) 7, (eh o () o (e) 617 () €57 () 617 () 57 () my (e).my () to the problem (6) with

& =0 is defined as follows:

W) = lim w, ;= hma)
£—0 H e—0

i) = (‘70) (0)“7(1)(5))’ Dje = “9‘1(”/' (0)-z, (8)) Wie =€
& == 0)-¢(e)) . =

provided that the limits in (39) exist in some sense.

> 7 g0 ¢

& =timeld my=timn ;o (9)

(¢’j (0)— 0,(e ))

&7 (m,;(0)-m, () irj =12,
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Equations for material derivatives can be easily ¢ at zero. This formal procedure gives the following

obtained by formal use of 4 = é(g )and N=N (6‘ )in system of equations and boundary conditions for
equations (6) and differentiating results according to material derivatives.
2
ZHijAﬁ’(]) ~Vo, =€ (‘Vi, ﬁ’(i))+ D; + (—l)i(g* + a@/(z) = W(l))) inQ,
j=1

2 2
divin® = Za;-\yj + ZB,-;(;)] +yim+8;d inQ,

= J=1

i 0) vy, +t .y, = - Vo, (0)+Za,,w, +ZB,, o, +fin +8d" inQ, (40)
j=1 j=1

- div(ﬁ“) (o)gj(.i))ﬂ,.,.a}") = ai 2 (0))+1: i in O,
ﬁ)(i) =0o0n aQ’ Vi =0on Eén’ ®; =H(’°i5 g(’) _Oonzimt’

2
x,?c'[ Sed” + Z(azgw] + Byo, + 7;;&}")) dx,i,j=12.

=g j=1

These equations use the following notations

D; = —Rep, (0)(ﬁ<f> (0)-V(HM(") (o))+ D" () vi® (o)) + Zzlu,] div(’JI‘Vﬁ(i) (0))+ DAz (0)+A(11n>ﬁ("> (0)),

& (. #9) = Rella® 0) vi® 0)+ p, 0N -vii ©)+ p,i® ©)- vir): (1)
£ = a']l‘(ﬁ(z)(o)—ﬁ(l)(o))' d" =dvT; D=dvT1-DT; T=dwi1-DT (D7)

Coefficients ay ﬂ,j, 7,0 i Qs ﬁy, 7,* , ,*, N,:, Ey,yy, . i, j =1,2, in the right-hand members of equations (40 )depend

on solution to the problem (6), corresponding to £ =0 .
To prove existence of a very weak solution of the problem (40 )-@1) let us introduce the conjugate problem in the

following formulation: for given vector fields H® ,scalar fields G;, F;,M;,M,; and constants s;, i =1 2, itis necessary

to find vector fields w{”, scalar fields a), RV ,6(’ * constants n: , I,j =12, such that
Z“,z(A (/) VO);)—REH: @ij))+(_1)i+1a(w£2) (1)) +\|’, V(P (0)+ZC (.)(0 )VE, Gy _ (.) nQ,
() : A% * 2 * 0 N *  ®
divir?® =113 | B + S (i B + 1y By )| +T1G, in ©, )
k=1 j=1

—div(yi® Q)+t = ReM; (i) + z [a,;.w;; + i(ngx S &+ 10 ;,m;;)} +F inQ,
k=1 j=1

2
@O OVED +1,8 Y =7 Yl + M, inQ,
k=1

2
n; = J.[Yl*zujlw; +?:w:]dx+si’i,j=1,29
o\ J

i

W =00n 6Q, y;=00n%,, i(') =00nzi, o, =o,,i,j=1,2.

Linear operators 'H: and M: are defined by the following formulas

H(H=p, OVE? 0 - divlp, @7 ©0) @ ) M(D- GO 0)vit ©)-7i=12. @3)
Well-posedness of the conjugate problem (42) statement is the result of the following lemma.
Lemma 4. Let us assume that conditions of Theorem 2 are satisfied. Then for each vector function

J? = (17(1) 17(2)) j(i) = (ﬁ(i);G,-,F},M”,Mz,-;s,-) e U™, the problem (42) has a unique solution e = (,L(l)jl’*(z)) 5

=0 v, 67,6 ) e VT
Proof. Problem (42) is a special case of the problem (15)-(20 ),with Ny =1 and g, =1, ¢, =4
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pi=p;+9;00), ¢P=¢P0) i=0Lk =12
Therefore, the lemma is a direct consequence of
Theorem 2.

Linear equations (40) are obtained by formal
differentiation, and the fact that the limits
WO, @, p,,E0 1m0, =12 in (39) really exist and
satisfy (40), is not obvious. Further it will be shown that
they exist in a weak sense, are defined as the elements
of the space W) ™" (Q)x W™ (Q)xR and defined as
a very weak solution of the linear problem (40).

The proof of these facts is preceded by a brief
comment of a technical nature.

Lemma 5. There are numbers & >0 and c,c;,
depending on ”f ”cz(Q) such that for any ¢ e [0;81],

the following representations exist
N(e)" =1+ eD+&™D*, g(e)! =1+edivT + £2g* (44)

_j{(ﬁ@, ) 4o

i=1

Gi>0+< i»Fi >0+< 1(i)’

2

-y { WD} + (1)’ € +d [8 v +Z(r,, & +mS; +uy8}®7)]}dx
Q

where D= divT 1-DT and “]]J)iH 20y +“gi”Sc, and

deviations N(e ) -1, g() =il satzsﬁz the inequality

N sy <

The proof of Lemma 5 is, for example, in [7].
Theorem 3. Let the conditions of Theorem 2 and
ce [0; 5*] are satisfied, where & = min{c{ 112,31} and
the constants ¢, and & are chosen in accordance
with Lemma 5. Then there are such h :(ﬁ(l) }'1’(2))

E(i)=@(i)§mia‘lf,-,i,-(l)ﬁ(z),n)GW1 sr(Q) W~ sr(Q)XR
that We(i)—)v?(’) weakly B W (@Q),i=12,
(wig!'//ig’gi(sl‘)’gi(g))_)(wi Vi Mfi(l)afi(z)) weakly
in W(Q),i=12, n, >n, 4@ R at 6>0. In

addition forany( ), ;G F, Ml,-,MZ,-;e,-)eu Pri=12,
the identity is valid

M;; >0+< 2(i)’M2i >0+nisi}=

(45)

Here h. = (}74',(1),}1(2)) R = =0y, ED",ED" n) e VT is the solution to problem (42) defined in Lemma 4; D;,

E and d” are defined by the folrmulas (41).
We confine ourselves to a short scheme of
proof of Theorem 3. Establishing the boundedness

of sequence of functions h = (h(l) hg(z)),
ﬁgi) e (ﬁ/g);a),- Vi g,é‘i(gl),fi(f);nig) in reflexive space
w ol_s’r’ @)x WS (@)% R and passing if necessary to
a subsequence, we obtain existence of vector functions

%0050 D n) W @x W @)X R

WD 5w weakly in W (Q),
( tg s '//tg H] 515 H gzg ) (wi H l//i ’ gi(l)7 51(2)) Weakly
in W™ (Q), n,—>n in R ase—>0. On
the other hand, for arbitrary f= (f(l),f(Z)l

such that

f(i) = (g(i);GpF}aMu,MziZSi)e w r(Q)X W”(Q)XR
be valid

Z{H(z) 50 +(04G1)y + (1.8,17,.)0+<§1(;),M1,.>0+<§§?,Mz,> +nzsst}

-3 (D(a)+ C1e@)+d6) 5(8)%+Z(ﬂ§(')*+ntsxy51(8)+uy51(8)(°m)J =

where h*(l) = (W(L)’ ,g,l//,g,fl(,l,)*, 2(2*’ nig),i=12

is the solution to problem the conjugate to
the problem for the function Eg =(ﬁ§1),ﬁ£2)),

il;,(l) = (w(i)'wigalyigagi(sl‘)’ é(z)n ) Since space

£ [ 7]

Z{ H(t) (l)

(46)

Wé‘”’ (Q)x W (Q)x R is dual to space
W (Q)x " (Q)x R, then passing to the limit as
g — 0, we obtain

(’)ze:G> <Wte7 > <§1l) M]t> <E.~§?’M2i>0 +”iasi}—>

(47)

—>Z{<ﬁ(i)’ﬁ;(i) >1+<mi,G)0+<\|/,~,F})0+<§1(i), Mu>0 N <§§i), Mz,->0 N n,-si} 255 —>0.
i=1

Further, by setting a weak convergence
of sequence of solutions hy, = (E*(i), il*(f)),
rEDT gD,

il’};.)_(l-";»s?, OiesWiesS1n 292¢ Mie) » 1O the Conjugate

problem in space W ™" (Q)x W*" (Q)x R to the solution
b= GORD), RO =(7050],y7 6 ) of

the problem (42) and considering the compactness of
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embedding 7°""(Q)x W (Q)xR i C(Q)xR we relations (ﬁ’f];a%;=%5=§'}'=é‘i'f];”ss lf =12, allow

obtain that k., — kit C(Q)xR,i=1,2. to pass to the limit in the right-hand member of the
Properties of coefficients of equations for difference identity(46) and to state that

2 2

~I - @)+ () @)+ @) [éi(e)w; 36 ;@>+n;xﬁa~j(s)+uysj(s)w;)jdx >

= Q J=1 (48)
2 2
- Zj wO(D] +(—1)"5*)+d*{éfw . +Z(x A e ny 8] + u,ja;m;‘)] dx
i=10) j=1
Equations (46)-(48) prove the identity(45).

Thus it is proved that every weak limit E=(ﬁ(1),ﬁ(2)),ﬁ(i)=(ﬁz(i);a)i W ,é‘i(l),fi(z);n,-), of the sequence

}_l.e = (Eél)’E;Z))’ }_is(l) = (ﬁjg);wig ’V/ig’gi(;)ﬁgi(f);nis

) satisfies the identity (45). It is necessary to demonstrate that
the sequence has a unique weak limit point, and hence converges weakly to this point. Let us assume that there are
(9 ;0,.0,,0,6P;m,), i =12, and (7 ;o & D,E@5m), i =12, of W (Q)x W (Q)xR that satisfy
(45). Then the following identity is valid for all (ﬁ<">,G,.,1~",.,M1,.,M2,.,s,. )e W (Q)x S (Q)xR,i =1,2,

2
Z{(H<’>,rv<"> =) (0, =0 G,y + (i v By + (60 81O, My, + (68 -850, M) + i n;)s}= 0.
i=1

Since the space WS (Q)xW* (Q)xR is dual to WL (Q)x W™"(Q)xR, this identity implies that
(#9;0,,,,£0,6P;m, )= (7 00y, &0, m), i = 1,2,

The following lemma if the consequence of the DRAG FUNCTIONAL DOMAIN DERIVATIVE
results obtained in the proof of Theorem 3

Lemma 6. Let us assume that conditions of
Theorem 2 are satisfied. Then q(¢)—>q(0) in

WS+1”(Q)X W”(Q)x R as €0,

Let us assume the conditions of Theorem 3 are satisfied.
Then each matrix N(g) corresponds to a unique solution

0le)= G ‘)(g),v(3(8);ﬂ1(8),7r2(e),¢1(e),<o () to the

2
problem (6), which in turn jnduces the solution
’Z(l)(“")z i + ‘7(1)(3), Pi(5)=Pi +oi(e), ‘Ii(g)= q; + ”i(g)+ A- Pi(P:)"' z m;, =12, (49)
j=1
to the problem (5). Turning to the unperturbed domain Q in the formula (4) for drag functional, we obtain the following
representation.

A J(Qs )= —iUw ‘<IRenpiﬁ(i)V(N_lﬁ(i))dx + J'{ZZZ u,-]-g_l(NTV(N_lﬁ(i))+
i1 o =

e (50)

+v(aO) N - div(ﬁ(i))n) - qu]NTVndx

where 7 is the arbitrary smooth function identically equal to 1 in the neighborhood of the obstacle S and identically
equal to zero in the neighborhood of the boundary X . Substituting functions (49) into the expression (50), we obtain:
2

J1@,)=Y . -si@,)u., - 1@,) (51)

i=1

where

7@.) =~ [Renp, @i VR0 @)

5©,)= [4@NE) Vndr— [i uijg(a)_l(N(a)TV(N(a)_lﬁ(i)(s))+V(N(a)_lﬁ(j)(a))TN(a)—div(ii(j)(s))]lj]N(s)TVndx

Calculation of the drag and its variations with

respect to perturbations of S is a problem of practical d (Q)[T ]= ;l_r)r(l)i('] (Qs)_J (Q)) (52)
importance, for example, to build a numerical algorithm -

for finding the optimal shape of the obstacle in the flow. Let us calculate dJ(Q)I7] in terms of material
In this section, an explicit formula for the following derivatives of solutions to the problem (6). The
derivative is obtained corresponding result is given in the following theorem,
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which is a direct consequence of the Theorem 3.

Theorem 4. Suppose that all the conditions of
Theorem 3 are satisfied. Then derivative dJ(Q)[T]
defined by the formula (52) exists and can be represented
as

d (@71 = L,(7)+L.(7) (53)

B, = (1, + Hp)AnU,, + Rep,0)@©0)- Vn ) U., - Rep, O)Vi® ©)- U,
A=Vn-U,, C,= —Req(ﬁ(") ©0)-va® (o))- U,,

and L, takes the form

Here, the form L, is defined by the equality

L(7)- 22:(<B,-,W(i)>l (o, ), + (z//,-,C,.)O), (54)

i=1
where material derivatives W, ;,y;,i =1,2, are given
by the Theorem 3,

(55

NGRS NOCIORD 0 P

+ iUw I[Zz:py (V @9 ©)+v @ ©)" - div @ (0))I)j(Df)TVndx - (56)

=l g\l

=1 o\ =l

Sl 35756 0)-5650)- 6756 0)-5 65 0 - 097

where D = divT 1 - DT .
Proof of Theorem 4. Substituting relationships

7D (g)-i?(0)= e

in (51), we obtain the difference relationship
2

2
e Pi(g)_Pi(O):“'"//ig, qi(g)_qi(0)=€wig +€Zﬂijn£j ,i=12,
=1

%(J(Qg)_ J(Q))= Z(Uoo ‘i(Jli(Qe)_ Jli(Q))+ Uy ! (Jzi(Qa)— Jzi(Q))J .

i=1
which can be represented as:

€

(@) -IQ)= Loy + L, 7)

where

2
Ly=-) RerJn [0, @30viOE) +y 7 OOWaO(E) + p, @ O©) vii] ar
i=1 Q

2

i=] Q\ J

Q

->u., I[ 2 M(Vﬁ»?) wEO) - div(w&))Ij]vndx + ZZ:UOO J(m,-a + 22: BijnejJIVr]dx
- =l Q =

(61)

el , = iU o J{Ren [p € (i)(s)V ((I -N) _)17 (i)(s))]+ [i My (V(ii () (8)) + V(ii (j)(a))T— div(ii(j)(a)) I) -q; (a)I]Vn}dx

i=1 o\ J

- ium [ [z nye€)” (N(a) y(NEa1E) + vNE) 1T VE) NE) - d,-v(;xf)(g))lj g (S)IJN(S)TVW (59)

Note that @@ (g),#?(0), ng) ,i=12 are continuously
differentiable in Q and belong to the class w? (Q)
In  turn, pi(g)‘)pi(o)"//ig > q,.(s),q,-(O),a),-g =12 are
continuous in the domain Q and belong to the class

WI’Z(Q). Thus, taking into account that Wg),i =12

vanishon 6Q andequations dz'v(pi (0)-u® (0))= 0,i=1,2

in Q0 are satisfied, we make transformation of the
following integrals.

[Rep 03 ©)- Vifnds - - [Re p, O/ ©) )ls
Q Q

2

QJj=l

Since the function 77 vanishes in the neighborhood of

(60)

J‘Z{ by (vws(f) +vEO) - div(ﬁzs(j))l)}Vndx - _22: uy [#0Ands.
=l 0

2 and is equal to unity in the neighborhood of 45, then
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2 2
_[Z Pirye VN dx = —Z Birige jﬁds =0. (61)
k=1 as

Q k=1

Taking into account the formulas (60) and (61) of the
functional L, , from (58), let us equate

Le,u = Z J‘(Bis ’ w(i)e Rl O A +VY e Cis dx,

2
=IQ

1

where

By = (P-li + Hzi)An U, +Rep; (O)Q(i) (0) Vn )Uoo —Rep; (S)Vﬁ(i) (8) U
A=Vn-U,, C, =-Reni Q) viOE)U,.

From Lemma 6, (49) and continuity of embeddings
W Q) C1(Q) and W (Q) C(Q) it follows
that B;,, &> B; in C(Q) as &£—0. In particular,
continuity of embedding C(@Q)— L' Q)W 7 (Q)
implies that B;, converges to B in W*""(Q). On
the other hand, due to Theorem 3 the functions Wg)

converge weakly to w® in Wl_s”’(Q). Thus we
obtain

J.B,-S -ﬁzg) dx = <B. Wa(i)>l - <Bi,w(i)>lasa —0. (62)

£
]%ue to lemma 6 #®(g)—>#®(0) in W**"(Q) and
hence Vi) (¢) > Vi?(0) in we" (Q). Then

¢, =-Reni®0)vi® €)U, - -Reni Q) vaD0)u,, =, . w*"(Q).

Theorem 3 provides a weak convergence of 1), — )
in W™"(Q) that results to the relationship

[Wie Ciodl = e.Cic g > 01sC)y 252 0.(63)
Q
Finall, we note that 4eC'(Q)cW* (Q) and
w;, — o, weakly inW™*” (@), which gives

J.(oisAdx=<0),-£,A>0 - <c0i,A)0 as £ >0. (64)
Q

iin
Combining (62) - (64) we obtain

L, (F)~> L,(F) as £ > 0. (65)
To pass to the limit in the expression for Lg’e , We note
that i () are bounded in C'(Q),and p,(¢), () are
bounded in C (Q) . Substituting representation (44) for
N(g) and g(g) to (59) we obtain

L,= 0(e)- Z2:U°° Re J[pi(s)(ﬁ(i)(e)- Vn) i ) (8)]dx -

i=1 Q
2

i=1 Q

20 ( > 157G 6)- 0 () 6V Ge)-v6i O -4 6)0° Jvnm

+ iUm I[i uij(V (it'(j)(s)) +V(ﬁ(j)(8)) _ div(ﬁ(i)(s))l j] (Df)Tde

As noted above #?(g)>u®(0) in C'(Q) and
(2:(¢).£1(¢)) > (4,(0).£,(0)) in C(Q2). Thus we obtain
L, [F)- L,(F) with £ >0 (66)

Letting € — 0 into (57) and using relationships (65),
(66) we arrive to (54). Theorem is proved.

Formulas similar to (53) are widely used to solve
shape optimization problems. Standard gradient scheme
in the shape optimization is as follows. Let us choose
an arbitrary compact set S < B as the starting point
of the iteration process. Then we find the vector field

T such that dJ(Q)[71<0. A set S, = (1+£7)(S) can
be accepted as the next iteration step. Then we take

Q= Q(g) and repeat the calculation. It is hoped that

after a certain number of steps we will obtain a shape
close to the optimum. Realization of such a scheme
requires an efficient method for calculation of the first-
order configuration derivative dJ. However, from the
standpoint of numerical methods, representation (53)
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can not be a good basis for the calculation.

Further we designate the problem (6) with
N=1I (unperturbed case) as the state equation, and
solutions to this problem 6= (17(1),17(2),7r1,7r2,¢)1,¢2),
¢ = ({1(]),4'2(1),4’1(2), 2(2)) and m= (ml,mz) as the state
variables. State variables completely describe the flow
in the unperturbed domain Q , and do not depend on the
vector field 7. Theorem 4 shows that the derivative of
functional dJ(Q . ) consists of two parts: L, and L,.
Geometric part L, is simply the integral of a linear
form of 7' over Q. The coefficients of this form are
defined by state variables. Hence, it is not difficult to
calculate L, for all smooth 7. The dynamic part L, , in

contrast, depends on T implicitly. To calculate L, , it is
necessary to find a very weak solution of the linearized
problem, and then to apply this solution to (6). A very
weak solution is given by Theorem 3 and depends

on T implicitly. If you need to find L, for another



vector field T, you have to repeat all calculations.
Fortunately, the situation can be radically improved if
L,, will be expressed in terms of so-called adjoint state.

A known fact of the optimization theory is that
in order to calculate the first- order configuration
derivative dJ of functional, it is not required to

The adjoint state is the solution T =(ﬂl),ﬁ£2)), h:("
conjugate problem

calculate the material or shape derivatives of solutions
to the boundary value problem. In addition, dJ can

be expressed as an integral of a linear form of T with
coefficients depending only on the state variables and

the adjoint state, which is defined as follows.

) _ (Wf);a) 5(;)* (;)* *) Ws+1 r(Q)x Ws’r(Q)XR, to the

> l

Z uj,(AwU) Vco;)— Rer(vT)ﬁj))+ (—1)i+la(vT/£2) = vTAEl))Hy; -Vo, + ZZZCJ(i) -VEU(.")* =BV inQ,

J=1

2 2
divitt) =TTy {BZNZ + Z(nleg Bji + by B;i“’;)] +I4 in Q, (67)

k=1 j=1

B div@/:ﬁ(")) Ty, = ReM:(Vvﬁf)) + i [fi;,\lfz + Zzl(n,:xg.&;i + Wy a;im,:)] +C;inQ,
k=1 =1

2
—~(i )% Sk ~k * 0 .
u(')VE,,](') +Tii§]('l) =% anin in(,

k=1

2
* * * A¥ *
n= zujimj +Y ¥, |dx,

W =00n 0Q, y; =00nZ!

Here the coefficients and given functions are defined
through the state variables as in the problem (40) and
(42); A, B;, C; are defined by the formulas (55).
Therefore, the adjoint state is completely defined by
the state variables, and does not depend on T. Let
us note that B; e W (Q) and A4,C, eW*"(Q).
Consequently, according to Theorem 2, the boundary

E_.(’) —Ooan,Hco:= ©; i, ] =

value problem for adjoint state has a unique solution of
class W% (Q)xW*"(Q)xR. Therefore, the adjoint
state is well-defined and unique. The following theorem
shows that L, can be represented as an integral of a
linear form of T .

Theorem 5. 1 Under the assumptions of Theorem 4,
the following formula is valid

L,(7)- Zj PO+ (1YY +d | Sy +Z(rj,g<') nx 07T + 8 o)

i=1Q

where hy = (I_z;(l),h

:(2)), }L(i) = (va) (o,* R y/; R g“(i)* (")*,n’.k) is the adjoint state (solution to the problem (67)) and

D; ——Rep( @ V(]D)u(’)) DT® Vu(') Zp ](dzv('ﬂ‘Vu('» ]D)TA‘(’)+A(HDQ(’))),

Jj=1

£ = ar@@-ab), 4= %Tr @)= divT -1, D= div1-DF,T = di1-DT- (D7)

=(B® i=
Proof. Choosing (H :Gin By My, My, s ") (B 4G ’0’0’0)’1 1.2, and applying Theorem 3, we obtain the formula

L) Z{B(’) (l (05, 4),+(w:,C ,0} 22:.[ FO(DI+(-1)'E+

i=1Q

+d'|8y; +Z(¢ﬂg§’> +m )8 + pyd o) )|t

j=1

Thus we shave studied properties of the boundary
value problem (6) solutions depending on the shape of the
obstacle in a flow of fluid, which allowed the study of the
properties of this problem solution functional. Formulas for

shapederivative of this functional were obtained, which can
be the basis of building and implementation of numerical
calculations to find the optimal shape of the obstacle in a
flow of mixture of viscous compressible fluids.
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